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OPTIMUM FLIGHTS WITH PRESSURE OF LIGHT
TAKEN INTO ACCOUNT

by

S. N. Kirpichnikov

This article has for its subject the construction of single-impulse tra-
jectories of interorbital flights with a minimum consumption of mass in the
gravitational field of the Sun -~ a spherical central body radiating light symmet-
rically. It disregards the perturbing action on the space vehicle caused by
objects in space located on the specified boundaries of the Kepler orbits. It
assumes that all three orbits, the initial, intermediate, and final, are located in
one plane and the motion along these orbits is proceeding in one direction.

The pressure of light can be, on one hand, regarded as a small correc-
tion factor for flights of conventional spaceships. On the other hand, the pres-
sure of light becomes comparable with the force of the Sun's gravity in cases of
research flights of probes, which are made of thin hollow shells (cylinders)
whose inside is filled with low-pressure gas and whose outside is covered with
a good light~reflecting coating. The use of such shells was suggested by Ehricke!
for investigating the cosmic space of our solar system and also for transporting
useful loads. It notes the simplicity of these probes, their light weight, and
their ability to carry useful loads. Such objects have an intense brightness,
which makes it possible to increase by many times the probability of successful
observation of the probes with the aid of telescopes. These shell-probes can be
launched from the Earth and also directly from spaceships or from artificial

satellites.

1K. Ehricke, "Instrumented Comets-Astronautics of Solar and Planetary
Probes, ' VIII International Astronautical Congress, Barcelona, 1957.




1. The Pressure of Light

Let us find the main vector and the main moment of forces of light pres-
sure acting upon a stationary body whose radiated surface is S. The derivation
of expressions in this chapter will be based on the quantum theory of light; the
effect due to anisotropism of the reradiation will be neglected.

Let us introduce a stationary system of coordinates x, y, z; the z-axis
coincides with the heliocentric radius-vector of the irradiated body; i. e., it is
directed along the parallel beam falling on the body. Let us separate an elemen-
tary area (dS) on the body's surface, with R as its coefficient of reflection.
Letp = {£, n, ¢} be the radius-vector of some point on (dS), the origin of this
vector is located at point 0 of the irradiated body; « is the angle of incidence
equal to the angle of reflection; 8 is the angle between the projection of the out-
side normal to the area on plane xy and the x-axis counted in positive direction

from the x-axis. In this case, the elementary change in momentum during the
time dt, will be

dK = (Mgce; - Mc&,)dt , (1)

where c is the velocity of light; & is a unit or basis vector in direction of the
incident beam; &, is a unit-vector in direction of the reflected beam of rays;

M;, M, are, respectively, the mass of the photons incident to the area (dS) and
reflected from it per unit of time.

Based on the principle of equivalence of mass and energy, let us find

M1=£cosa ds, M2=R£cosoz ds . (2)
c? c?

Here, E is the solar constant (intensity of solar radiation per unit of area) for
the area located at a distance r from the Sun, calculated as:

E-B 1‘% 2 33
E=—, E.5r46 = 0.302 - 10 ergs/sec |, (3)
r

where re is the average distance between the Farth and the Sun and EB is the solar

constant for the distance rt. Using the theorem of momentum, we find the force

of the light-pressure f on the area (dS)



fx=-R§Sin2xcosacosBdS R )

fy: _Rgsinza cos @ sin 8 dS , (4)

f =-E(1+Rcosza) cos o dS .

z /

It is then easy to find the projection of the main vector T and of the main
moment L for the point 0 on the axes of the coordinates

F =—2—I§fchos2asinacosBdS ;)

X c (S)

F =-2 [[Reostasinasingds , | (5)

Yoo

Fz=§ff(1+Rcos2a) cos o dS , )

(S)

L =E f[n(1+Rcosza)+§Rsin2asinﬁ]cosadS ,1
X C(S)
Ly=-§(fs{[§Rsin2acosﬁ+§(1+Rcos2a)]cosozdS, ,  (6)
Lz=§ffR(ncosB-§sin,8) sin 2 cos o dS . J

(8)

Let us find the pressure exerted by light on a spherical body with radius
R and with an index of reflection R identical for the entire surface. Let us
introduce on the body's surface a spherical system of coordinates (longi-
tude ¢, latitude ¢) with the origin in the center of the sphere; the longitude ¢
will be counted from the direction to the Sun; therefore,

coS @@ = COS ¢ CcoS ¥ . (7)

Due to the symmetry, the system of forces of light pressure is reduced
to a resultant force applied to the geometrical center of the sphere and equal to



2
Eir
F = 8 23 TR? . (8)
z cr

Consequently, the force acting upon a stationary, spherical, irradiated
body is directed along its heliocentric radius-vector and is independent of the
reflecting capacity of the latter; this result is fully similar to the result of
Radziyevskiy.! Therefore, it makes sense when a well-reflecting coating is
used only to prevent an excessive overheating.

NOTE 1. If the irradiated body is moving with a velocity U, both the

value of the force of light pressure and its direction will change by a value of
about U/c (for more details, see Radziyevskiy) .

In view of the insignificance
of the last ratio, this change will be disregarded.

2. Heliocentric Trajectories with Pressure of Light
Taken into Consideration

Let us consider a body with a mass m moving in fields of Newton gravita-
tion and of the Sun's radiated light, whose mass will be designated by M. The
components FX and Fy of the forces of the pressure of light will be disregarded.

These components are exactly equal to zero for spherical bodies.

The force of attraction to the Sun is k*Mm/r?, where k% is the gravitational

constant and the force of repulsion by light is B/ r? which, for a sphere with
radius R, is

2
Ey r
B= Scﬁmz , (9)

while B for other bodies can be readily found by using the expressions (3) and
(5). Composing the equations for the relative motion of the irradiated body and
assuming that m << M, we find for its heliocentric radius-vector r

r=-—T+—F. (10)

Let us introduce the '""reduced'" mass of the Sun

1y, V. Radziyevskiy, "Braking by Radiation in the Solar System and the

Growth of Rings of Saturn,' Astronomicheskiy Zhurnal (Astronomical Journal),
29, 3, 1952.
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M' = M(1 - &) , (11)

where 6 is a parameter characterizing the ""decrease' in the mass of the Sun and
is equal to

5= —B— | (12)
k*mM

Consequently, with the "reduced" mass of the Sun, all expressions in a problem
for two bodies will be valid and, formally, it is only necessary to replace
everywhere the value

K=kM (13)

with a new value of
K= KN1 -5 (14)

We will assume that the parameter is 6¢/0, 1). At 6 = 1, the gravita~-
tional attraction will be balanced by the repulsion of light and rectilinear inertial
flights are possible in any direction. At 6 > 1, the irradiated bodies will fly out
the solar system along hyperbolas in which the Sun is located in the external

focus.

Let us estimate the value of 6 for thin hollow spherical shell-probes hav-
ing a radius R, a shell-thickness h, and a density v. Assuming that the shell-
probe carries a useful load whose mass is m;, therefore, the overall mass of
the probe, is

m = my + 4mR%nh (15)
and the parameter 6 will be
2 2 2
_ E.s rs 7R _ E3I‘$ ( 16)
ch(mo + 47(R2‘Vh) ch( I_n_o_ + 4’Vh)
7R2

If my = 0, then ¢ is independent of the radius of the probe and is dependent only
on the product vh. Let us calculate the values of 6 for different h and at
y = 1 gram/cm?, by assuming that m; is much smaller than the mass of the

shell:




6

0.5 0.1 0.05 0.01 0.005 0.001
h, microns 0.38 1.9 3.8 19.0 38.0 190

1
This estimate is qualitatively in agreement with the estimate of Ehricke.

The constant elements of the orbits with '"reduced'" mass of the Sun will
be called geometrical. We will use for such elements:

1 e
p_'\/—l—’ q_’\/-l_’ w, T, (17)

where £ is a focal parameter, e is the eccentricity, w is the angular distance of
the pericenter, and T is the moment of passing through the pericenter. For the
independent variable which determines the position in the orbit we will use the

polar angle ¢§, so that the positive direction of the counting coincides with the
direction of the motion.

The values pertaining to an osculating orbit will be provided with a sub-
script "ock." Therefore, we have:

Ur = quck sin (19 - wock) = KN1 - 6gsin (¢ - w) , (18)

U& = K[pock + 4, ©08 («.9 -wock)] =KN1 - 6 [p+ qcos (¢4 - w)],(19)

%= pgck * Pockdock cos (19 - wock) = P'+ pa cos (5 - w), (20)
) . g2 - “ock du
b oKl -t = ¥ —fwock pock(pock * qock cos v)?
- -1 % ]w dv (21)
1 -6 8 _wp(p+ qcosu)? ’

where t;, ty are, respectively, the moments of time corresponding to 4y, 4s; Ur’

U& are, respectively, the radial and transversal velocity components. Note

'K. Ehricke, op. cit.



.

that in the first integral it is necessary to take into account only the explicit
relationship of the integrand function of v. Both integrals in (21) are readily
taken (for example, for an elliptical motion through an eccentric anomaly: the
osculating for the first integral and the geometrical for the second). From the
relationships (18) to (21) we can readily find

- P
pock N1 -6 ° (22)

1
252 /2

B _ _PL‘S__}
9ok {Q(l 0) - 2pgd cos (¢ - w) + T & , (23)

_ q(l - ) sinw - pd sin ¢
ock q(l - 6)cosw - pd cos ¢

tgw , (24)

dvu
T =T+ ——
ock T KN1 - 6 of p(p + q cos v) ¢

w
ock dv (25)
7,
+
0 pock(pock qock

cos u)

here, the numerator and denominator signs in expression (24) coincide with the
signs of sin @ ok and cos @ ek’ respectively; in expression (25), the osculating

elements should be considered to be constant for calculating the second integral.
Note that all osculating elements (during an elliptical motion in geometrical
elements) are periodic functions of the angle 4 with a period 27.

3. Setting Up the Problem of an Optimum (in Terms
of Energy) Flight with the Effect
of Pressure of Light Taken into Account.
The System of Necessary Conditions.

It is necessary to accomplish a flight of a space vehicle within given
boundary orbits with the aid of a single thrust -- an impulse at the initial orbit.
The value of the characteristic velocity of this impulse is reduced to a minimum
to assure a minimum consumption of fuel. All orbits are coplanary. The pres-
sure of light is taken into account only for the intermediate orbit. Depending on
the specific physical problem, the space vehicle may be the shell-probe described
above, or any other spaceship for which the pressure of light must be taken into
account.




Let the p;, q;, w1, and Ty be the elements of the initial orbit and py, q,,
wy, and T, be the elements of the final orbit. It is assumed that the ratio of the
effective transverse section to the mass of the objects in space is small at these

orbits and the elements of the orbits are practically unaffected by the pressure
of light.

During the moment of time t;, when the polar angle is equal to %, there
takes place the thrust-impulse which causes the space vehicle to change its flight
to the intermediate orbit. During the moment of time t, when the polar angle is
9, the intermediate orbit intersects the final orbit and the space vehicle collides
with an object in space located on the final orbit.

With the elements of the boundary orbits specified, it is necessary to
find the intermediate orbit of the flight, i. e., to find its geometrical elements
P, 4, and w; also the angles 4, ¢ and the moments of time t;, t, which will
reduce to a minimum the characteristic velocities of the initial impulse. After

these unknown values are found, we will have for the moment of passage through
the pericenter

T=4- K1-6

% I

i=1, 2
(p+ q cos v)* ’ ! (26)

and the expressions (22) to (25) can be used to calculate the osculating elements.

The following conditions must be satisfied:

@i = p®+ pgcos (¥ - w) - pf - paycos ($; - w;) = 0 , (27)
@y = p? + pgcos (F - w) - p} - Py cos (¥ - wy = 0 , (28)
P3=YP+ P+ Yg-a=0, (29)

where the function of ¥ is expressed through the geometrical elements as per the
expression (21), and

4, - w,
i f i du
=K(t.—T.)= s, i=1,2 , (30)
i i . pi(pi + q; cos u)
a = K(Ty - Ty) . (31)



The relationships (27) and (28) indicate a continuity of the radii-vectors at the
starting and finishing points, while the relationship (29) represents the condi-
tion for the coincidence of the time spent in motion prior to reaching the final
point, on one hand, along the initial and intermediate orbits and, on the other
hand, along the final orbit.

The characteristic velocity AU of the initial thrust can be expressed
through the elements of the initial and intermediate orbits! for similar computa-
tions) as follows:

2piNT =&
AU = K{ak(1 - 8) - (1 - ) + of + 3pf - 2pfe - ==
-2qq;N1 - 8 cos (wy - w)
2 2 1
_ - pf _ -0 ] _ /2
2qN1 - 6 [p+ o3 P T | cos (% w1)} ) (32)

and for the angle of inclination of thrust & (which is counted from the transversal
in a direction opposite to the motion) , we have

g - DL 88 (8 = ©) - qrsin (s - w) (33)
1 -5 ’
(31_'\/_3____ 1) [p; + q4 cos (& - wy)]

where the signs of the numerator and denominator coincide, respectively, with
the signs of sin & and cos ®.

Let us find the minimum of the function

. _(an?
TN (34)

in a class of variables p, q, w, &, ¢ Which are dependent and related with the
conditions (27) to (29), i. e., we find ourselves in a class of a conditional
extremum of a function of a finite number of variables. Introducing the constant
factors A;, Ay, A3, We compose a Lagrange function

I's. N Kirpichnikov, "'Optimum Complanary Flight Between Orbits, "
Vestnik LGU (Leningrad University Herald), No. 1, 1964.




g+ ) \O; (35)

As we know, the partial derivatives of Lagrange functions must be equal to zero
for all variables

P . D 2 -61 . o
Q1p1[p1 AN e -_6-] sin (&4 - w1)

+Mmmsmw1-m)-mﬂnwwwm+hg%+gi}0, (36)

Mmmmm%-wg-NQM&-wH+MG%-%$=o, (37)
2 2
3 2
-pN1 - 5+%+ q(% - )cos (% - wi) + M[2p + geos (& - w)]
+ >\.2[2p + q cos (49 - w)] + }\3%;%: 0o, (38)

a
N1 - 6 - gy cos (wy = w) + AMpcos (H - w) + Ap cos (Fy - W) + 7\3&;’2 =0,
(39)

9
-qq; sin (wy - w) + AMpq sin (& - w) + Agpq sin (fy - w) + Ag Py 0 .
(40)

The obtained equations (36) to (40) together with the equations (27) to
(29) form a system of required conditions made up of eight equations containing

eight unknown p, q, w, ¥, 2, A, Ay, A3. These equations must be solved
jointly.

NOTE 2. If a problem is under consideration in which specific motions
are not taken into account, i. e., the initial configuration of objects in space is
arbitrary, the condition (29) for the coincidence of the time spent in motion
prior to reaching the final point should be omitted, while in the remaining system
of seven equations it is necessary to assume that A; = 0.

NOTE 3. The pressure of light can be readily taken into account at the
final orbit. For this is sufficient to consider the elements p,, 4y, wy, T, as

10



3

72

geometrical and to replace in all equations the function of ¥y with ¥y = ¥3(1 - b9) -
where 8, is the parameter 6 computed for an object in space located at the final
orbit.

4. Flight Between Circular Orbits

Assume that the initial and final orbits are circular with radii ry and r,
respectively, and their values are q; = 0 and q = 0.

It can be shown that from the system of required conditions will follow
that

A3 = 0 . (41)
Therefore, it is first necessary to solve the problem without taking
specific motions into account and the solution will contain only the differences

% - w, ¢4 - w and, consequently, one of the angles ¢, J, w will be arbitrary.

Thereafter, from the condition (29) for the coincidence of the time spent
in motion prior to reaching the final point, it is easy to find, for example, the
angle 4

S = [(a - ¥pip} + wipd - wpd + i1(p} - pDH 7, (42)

where ¥/K is the time spent in motion along the optimum orbit; f = 5 - § is the
difference between the true anomalies of the starting and finishing points.

Let us consider a problem about a flight without taking specific motions
into account. It follows from the equations (36), (37) that

A sin (% - w) =0, Agsin ($g - w) = 0 . (43)

The last equations can be satisified by using three methods, since the conditions
Ay = 0, Ay = 0 contradict the equation (39).

Method I. Assume that
sin( - w) =0, sin(d -w) =0 . (44)
The only solution in this case (with an accuracy of up to an arbitrary choice of

the angle # of the starting point) is a Homan ellipse in geometrical elements.
For it, we have

11



2 _n2 )
_ p% + p% _ _u
P = —_ q—- + ) (45)
2 N2(p{ + p3

psN1 - 6 - pip _pi(mNT -6-p)
4p4 4p4

AU =-5§—1|p1~/1 5 -pl . (47)

)\1=

Ay

(46)

The upper symbols are for flights to orbits having a large radius
ry>ry, pP2<p<pr, 4=w, Hh=w+7T, & =0atp < ppN1 - 6 ,
® =matp > p1'\/—1——5; (48)
the lower symbols are for flights to orbits of smaller radius
rg<ry, pp>pP>p , A= wWw-T, H=w, d=71. (49)

Method II. We will satisfy the equations (43), as follows
sin (& -w) =0 , A= 0 (50)

From the remaining equations of the system of required conditions, we find

5
p=pNT -5 , q= =, (51)

2 2

- pX1 - 6
Si=w , cos (8- w) =P -0 (52)
Pts
AU = 0 . (53)
If 6 < 0.5, a solution exists only at

To=> o, NT-2pi <<, (54)

however, if 6 5, 0.5, the solution is at ry > ry.
The take-off takes place at the pericenter of the flight's orbit, no addi-

tional consumption of fuel is required and, therefore, these orbits offer a better
advantage in terms of energy than a Homan ellipse. For flying shell-probes to

12



reach the obtained orbits, it is sufficient to inflate the shell. Note that at

ry = ry/1 - 28, the obtained orbit will coincide with a Homan ellipse; it will be
a parabola at 6 = 0.5 and an hyperbola at 6 > 0.5, at which the Sun is located
in the internal focus,

Method III. In this case
M =0, sin(d -w) =0 . (55)

The remaining equations of the system of required conditions will yield

soBNi-5 o pf-pid - 9) (56}
Pl pipfNl - 6

pf - p§(1 - 8)

o8 (h - @) Tl gl - 91 0 2T (57)
Such orbits are possible only at
oty < Ta< Ty, P> Py > 0Py (58)
where ¢ is the only positive root of the equation
o +0%5=21-96) . (59)

The finishing point coincides with the pericenter of the flight's orbit. At
ry = o’r,, the obtained orbit coincides with a Homan ellipse. The characteristic
velocity and the tangent of the angle of inclination of the thrust are determined as

follows:

6 1
AU = K-{apf - 2p3 - B+ 26 (p} - p%)} /2 | (60)
P3
p%[p‘f - pg(l - d8)]sin (& - w)
tgd = X (61)
pf(pf - p9)

During the same interval (58) , a Homan-type of a flight is possible (45) -(49).
Let us compose the difference between the squares of the characteristic velocities
along a Homan ellipse and along the new orbit, which is equal to

K} [p?fo 4 TONG TS e a)]2 >0 . (62)
9 4
pf + ph Py

13




Consequently, the obtained orbits have a better optimum than a Homan ellipse.

Therefore, the function (34) assumes its least value on orbits described
in II and III, provided that the conditions of (54) or of (58) are satisfied,
respectively; otherwise, the least value will be on a Homan ellipse (45) -(49) .

NOTE 4. The value of the parameter § in many problems is small and in
such cases the approximate magnitude of the value o is

1 43
o= 1 -6 - 6t L (63)

5. Flight Between Low-Eccentricity Orbits

Assuming that q;, gy are small, let us introduce a small parameter € as
per the expressions

a = gle , dy = qje . (64)

The equations (27) -(29) and (36) -(40) will be solved in form of series of powers
of €; we will use a vinculum for the coefficients of the sought series with the
first powers of €. Similar expansions were obtained by Kirpichnikov! for 6 = 0.

The solution will be carried out with the assumption that r;, ry are not

located in the zones of (54) or (58); i. e., a Homan ellipse will be taken as
zero approximation.

Let us first not take into account the specific motions. In zero-order
approximation for €, we have only one solution -- a Homan ellipse (45) -(49)
(with an accuracy of up to an arbitrarily chosen one of the angles of %, #y, w).
The angular distance of the pericenter w is determined by the first approximation
with the aid of equations (36), (37), and (40), as follows:

2 2 -0 . .
Qh'p1[?\1 + ;)1 N 6] sin wy - qépzhz sin wy (65)
tgw = , D1 5 : .
Ay o+ - -
q1P1 [ 1 D N 6] COS Wy = (9PoAy COS Wy

The following expressions provide an exact solution of the first order:

! Ibid.

14



_ 9ip; cos (% = wi) + 43Py COS (S - wy)

]
. _ _ qipi(a F 2p) cos (& - wi) + qspp(q * 2p) cOS (S - wy)
4p2 ’
(66)
b TUxA - BxB+ C ‘= o'+ A ‘= w'+ B 67
w ax + Bx + w W @ ’ d2 =@ ’ (67)
N = R - :F 2 S
A = PR (q:‘ 2p) S% A, = PRx (4 P S« (68)
4p 4p?
K2 _ 3 _ 3 _
AUt = =2 5{‘” PNL -0 vy qNT - 0p
, 4ipi(2p - 2pNT - 6 - ) cos (4 - w1)} (69)
pNT =0 ’
oo 2 PANT -0(8 -~ w) apsin (% - wi) (70}
p(pNT -0 -p)  p(pNT -6 -p) ’
where
1]
api[p . Pt 2 -6 ] .
= R N T - ,
“Npalm BN e e
1] .
B=T dgp2 S1n (192 - ‘-02) , (71)

pq

C=q pf - ' A1 F q') si - wi) - QAP Sin (9 - wy) , (72)
= qi\=—— P' - PiM ¥ q') sin (% - w1) - AAP2 2 - W2
p

t D Pt 2 -0 ]
= —_— —_— 4 - - ,
05 q1p1[p1 + . A T3 |08 (& - wi)

ﬁ* = qépgkz cOoSs (1.9'2 - (4)2) .

v = * q1q coS (% - wy) (73)

' p%

p
3
+< 1 -6 +31-)§1 -2\ - 27\2)p' F (M -2, (74)
p

15




Sk = + q cos (& - w) T (A = Adp' -NT - &q' . (75)

The solution of a problem of '"energy-optimum'' one-thrust flight without
taking into account the pressure of light! with an accuracy of up to the terms of
the first order of € is obtained with the aid of the expressions (45) -(49),

(65) -=(75), provided that it is assumed that 6 = 0. In case the parameter 6 of
the same order as the eccentricities of the boundary orbits, is

6= €d' (76)

for this solution, the corrections of the first order which are made necessary
by the presence of light-pressure, will be

p'=0, q' =0 W
w' = 191' = &
2q;q5p1psp° (p1 - p) ¥sin (wy - w1) cos? w o
~ {aipi[8p°(p1 -p) + P} - PIp] €OS Wi - APIPa(Pr - P) COS W) g
' D} '+ i
- _ ' = 1
>t1 gg}'a N )\2 EF?‘ fo}
p2
AU'=FLs , &' =0 . (77)
2p

Consequently, for a case where the parameter 6 and the eccentricities
of the boundary orbits are small, the effect of the pressure of light which was
taken into account was reduced to a turn of the orbit of the flight by a value of
the first order with respect to an orbit corresponding to an optimum problem in
which the pressure of light is not taken into account. The size and the shape of

the orbit and the true anomalies of its starting and final points change only by
values of the second order.

Let us proceed with solving the problem with taking into account the
specific motions. With a zero-order approximation, the only solution is a

Homan ellipse (45) -(49) which satisfies the equality (41), while for the function
Y, we have

Y = 7’3 : (78)
(p2 _ qZ) /2,.[1 -5

t Ibid.
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The starting angle ¢ is found from the equality (43), as follows:

3
2V/
(pf+p2)2\ﬁ1 - pb ; 3 3 3
2 1-6 4 ©2P1 - WiPy ~ @PiPy (79)

K=
p} - p} p} - p}

In the approximation of the first order, from the system of required

conditions we find for p', q' the same expressions (66), while for |, 19;, and w,

we have:
s = A(pip,NT = 6 - ppj) - B(pip,NT - 6 - ppf) - CpipiNT - 6
pipa(p} - PHNT - 6 (80)
s, = AINT =78 - ppj) - BlpipWT - 8 - ppi) - CpipiVT - 5
pip2(p} - PP N1 - 6 (1)
ot = ApipNT -8 - pp) - BlpipNT - 8 - pp) - CpipiNT - 6,
pip2(pf - PHNT - & (82)
where
XzAiELI_a_px' B-prRopNl-0 .. (83)
AplpgNT -5 3 ¢ AQpIpaNI = 6 8
~ 1 1 1 . - 1 N _
C 3m(pp' - q4") , 2qisin(d - o)  2qpSin(dp - W) gy
5 4 4
(p? - o)) NT T Pi P2
the function A and B are computed with the aid of expressions (71), and
1 2 2 -6 . .
- Chpx(—;)l + M- ,\/1—_-_—'6-) sin (& - wi) + Qg S0 (I - Wy
y =
-3 _ -3
P2 P1 (85)
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6. Condition for Energy-Saving Use of Shell-Probes
Carrying Useful Loads

Let us consider in which case it is more profitable (by using less fuel)
to deliver to a final orbit a useful load with a mass m;: with the aid
of a hollow shell-probe, or by delivering this load directly to a corresponding
orbit of the flight. In the latter case, the pressure of light can be disregarded.
We will assume that both cases require a characteristic velocity U to overcome
the attraction of the body in space from which, or from the artificial satellite
of which the start takes place. We will confine ourselves with a case of circular
boundary orbits, where ry > r;. Atr; > r,, it is more profitable to launch a

load so, that the resultant of the forces of repulsion by light should be as small
as possible.

In a flight in which the pressure of light is not taken into account, a
Homan ellipse requires a minimum of fuel consumption. The characteristic
velocity AUr of the initial thrust is defined as follows:

AU = Kpi(p1 - P) (86)
r p
The minimum value of the characteristic velocity of a flight which takes into
account the pressure of light (6 < 0.5), is equal to:

C0at—TL
AU—Oat1_26>r2>r1, (87)
N1 - 6 -
Ay = Epi(pr 6 - p) atry > _n (88)
p 1 -26
Let c¢; be the velocity of the escaping gases; then, as we know,
- me -~ m. - my + Am
AU+ U=c¢Iln———, AU_+ U=1cy1ln , (89)
my + my T m,

where m, is the initial mass of the space vehicle at the launching of the useful

load with the shell-probe; Am is the change in the mass of the fuel during a

direct launching of the useful load to the orbit; m; is the mass of the shell-probe,
for which the following is valid:

m; = 47R%h . (90)
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The use of a shell-probe offers an advantage at Am > 0, while at
Am < 0, less fuel is required to launch the useful load directly to the flight-orbit.

From the relationships (89), it is easy to find

AR+ U Ay + T AU + U
Am = mgy\e 1 -e 1 - my\e 1 -1/ , (91)

where AUI"’ AU are determined by the expressions (86) -(88). At specific v,
h, R, my, ps, D1, ﬁ, the last relationship makes it possible to estimate which
of the methods of launching the load will require less energy.

The condition for a smaller consumption of fuel by using a shell-probe
is obtained in the following form:

AU ¥
my, e ! -e oy

x = > , (92)
e Cq —e Cy

however, it should be borne in mind that the right side depends on the parameter
6 which, in its turn, depends as follows on ¥:

2
_ E.SI‘.S
" 4K%h(1 + x)c

0 (93)

The expressions (92) and (93) make it possible to find the required relationship
between y, h, x, pi, p3, U.

19




(U] DISTRIBUTION

EXTERNAL

Air University Library
ATIN: AUL3T
Maxwell Air Force Base, Alabama 36112

U. S. Amy Electronics Proving Ground
ATTIN: Technical Library
Fort Huachuca, Arizona 85613

U. S. Naval Ordnance Test Station
ATTN: Technical Library, Code 753
China Lake, California 93555

U. S. Naval Ordnance Laboratory
ATIN: Library
Corona, California 91720

Lawrence Radiation Laboratory

ATIN: Technical Information Division
P. 0. Box 808

Livermore, California 94550

Sandia Corporation

ATTN: Technical Library

P. 0. Box 969

Livermore, California 94551

U. S. Naval Postgraduate School
ATIN: Library
Monterey, California 93940

Electronic Warfare Laboratory, USAECOM
Post Office Box 205
Mountain View, California 94042

Jet Propulsion Laboratory
ATIN: Library (TDS)

4800 Oak Grove Drive
Pasadena, California 91103

U, S. Naval Missile Center
ATIN: Technical Library, Code N3022
Point Mugu, Califormnia 93041

U. S. Army Air Defense Command
ATTIN: ADSX
Ent Air Force Base, Colorado 80912

Central Intelligence Agency
ATTN: OCR/DD-Standard Distribution
Washington, D. C. 20505

Harry Diamond Laboratories
ATIN: Library
Washington, D. C. 20438

Scientific § Tech. Information Div., NASA

ATIN: ATS
Washington, D. C. 20546

20

No. of Copies

No. of Copies

U. S. Atomic Energy Commission 1
ATIN: Reports Library, Room G-017
Washington, D. C. 20545

U. S. Naval Research Laboratory 1
ATIN: Code 2027
Washington, D. C. 20390

Weapons Systems Evaluation Group 1
Washington, D. C. 20305

John F. Kennedy Space Center, NASA 2
ATIN: KSC Library, Documents Section
Kennedy Space Center, Florida 32899

APGC (PGBPS-12) 1
Eglin Air Force Base, Florida 32542

U. S. Army CDC Infantry Agency 1
Fort Benning, Georgia 31905

Argonne National Laboratory 1
ATIN: Report Section

9700 South Cass Avenue

Argonne, Illinois 60440

U. S. Ammy Weapons Command 1
ATTIN: AMSWE-RDR
Rock Island, Illinois 61201

Rock Island Arsenal 1
ATIN: SWERI-RDI
Rock Island, Illinois 61201

U. S. Army Cnd. & General Staff College 1
ATIN: Acquisitions, Library Division
Fort Leavenworth, Kansas 66027

Combined Ams Group, USACDC 1
ATIN: Op. Res., P and P Div.
Fort Leavenworth, Kansas 66027

U. S. Ammy CDC Armor Agency 1
Fort Knox, Kentucky 40121

Michoud Assembly Facility, NASA 1
ATTN: Library, I-MICH-OSD

P. 0. Box 29300

New Orleans, Louisiana 70129

Aberdeen Proving Ground 1
ATIN: Technical Library, Bldg. 313
Aberdeen Proving Ground, Maryland 21005

NASA Sci. § Tech. Information Facility 5
ATTN: Acquisitions Branch (S-AK/DL)

P. O. Box 33

College Park, Maryland 20740

U. S. Army Edgewood Arsenal 1
ATTN: Librarian, Tech. Info. Div.
Edgewood Arsenal, Maryland 21010



No. of Copies

National Security Agency 1
ATTN: C3/TDL
Fort Meade, Maryland 20755

Goddard Space Flight Center, NASA 1
ATIN: Library, Documents Section
Greenbelt, Maryland 20771

U. S. Naval Propellant Plant 1
ATIN: Technical Library
Indian Head, Maryland 20640

U. S. Naval Ordnance Laboratory 1
ATIN: Librarian, Eva Liberman
Silver Spring, Maryland 20910

Air Force Cambridge Research Labs. 1
L. G. Hanscom Field

ATTN: CRMXLR/Stop 29

Bedford, Massachusetts 01730

Springfield Armory 1
ATIN: SWESP-RE
Springfield, Massachusetts 01101

U. S. Armmy Materials Research Agency 1
ATIN: AMXMR-ATL
Watertown, Massachusetts 02172

Strategic Air Command (QAI) 1
Offutt Air Force Base, Nebraska 68113

Picatinny Arsenal, USAMUCOM 1
ATIN: SMUPA-VA6
Dover, New Jersey 07801

U. S. Army Electronics Command 1
ATTN: AMSEL-CB
Fort Monmouth, New Jersey 07703

Sandia Corporation 1
ATTIN: Technical Library

P. 0. Box 5800

Albuquerque, New Mexico 87115

ORA(RRRT) 1
Holloman Air Force Base, New Mexico 88330

Los Alamos Scientific Laboratory 1
ATIN: Report Library

P. 0. Box 1663

Los Alamos, New Mexico 87544

White Sands Missile Range 1
ATIN: Technical Library
White Sands, New Mexico 88002

Rome Air Development Center (EMLAL-1) 1
ATIN: Documents Library
Griffiss Air Force Base, New York 13440

Brookhaven National Laboratory
Technical Information Division
ATIN: Classified Documents Group
Upton, Long Island, New York 11973

Watervliet Arsenal
ATIN: SWEWV-RD
Watervliet, New York 12189

U. S. Army Research Office (ARO-D)
ATTN: CRD-AA-IP

Box (M, Duke Station

Durham, North Carolina 27706

Lewis Research Center, NASA
ATTIN: Library

21000 Brookpark Road
Cleveland, Chio ‘44135

Systems Engineering Group (RTD)
ATIN: SEPIR

No. of Copies

1

Wright-Patterson Air Force Base, Ohio 45433

U. S. Army Artillery § Missile School
ATIN: Guided Missile Department
Fort Sill, Oklahoma 73503

U. S. Army CDC Artillery Agency
ATIN: Library
Fort $ill, Oklahoma 73504

U. S. Army War College
ATIN: Library

Carlisle Barracks, Pennsylvania 17013

U. S. Naval Air Development Center
ATIN: Technical Library

Johnsville, Warminster, Pennsylvania 18974

Frankford Arsenal
ATIN: C-2500-Library
Philadelphia, Pennsylvania 19137

Div. of Technical Information Ext., USAEC 1

P. 0. Box 62
Oak Ridge, Tennessee 37830

Oak Ridge National Laboratory
ATIN: Central Files

P. 0. Box X

Oak Ridge, Tennessee 37830

Air Defense Agency, USACDC
ATIN: Library
Fort Bliss, Texas 79916

U. S. Amy Air Defense School
ATTN: AKBAAS-DR-R
Fort Bliss, Texas 79906

21



No. of Copies

U. S. Army CDC Nuclear Group
Fort Bliss, Texas 79916

Manned Spacecraft Center, NASA
ATIN: Technical Library, Code BM6
Houston, Texas 77058

Defense Documentation Center
Cameron Station
Alexandria, Virginia 22314

U. S. Army Research Office
ATTN: STINFO Division
3045 Columbia Pike
Arlington, Virginia 22204

U. S. Naval Weapons Laboratory
ATIN: Technical Library
Dahlgren, Virginia 22448

U. S. Army Engineer Res. § Dev. Labs.
ATIN: Scientific § Technical Info. Br.
Fort Belvoir, Virginia 22060

Langley Research Center, NASA
ATIN: Library, MS-185
Hampton, Virginia 23365

Research Analysis Corporation
ATIN: Library
McLean, Virginia 22101

U. S. Army Tank Automotive Center
ATTN: SMOTA-RTS.1
Warren, Michigan 48090

Hughes Aircraft Company

Electronic Properties Information Center
Florence Ave. § Teale St.

Culver City, California 90230

Atomics International, Div. of NAA
Liquid Metals Information Center
P. 0. Box 309

Canoga Park, California 91305

Foreign Technology Division
ATIN: Library
Wright-Patterson Air Force Base, Ohio 45400

Clearinghouse for Federal Scientific and
Technical Information

U. S. Department of Commerce

Springfield, Virginia 22151

Foreign Science § Technology Center
Munitions Building
Washington, D. C. 20315

National Aeronautics § Space Administration

Code USS-T (Translation Section)
Washington, D. C. 20546

22

1

20

No. of Copies

INTERNAL

Headquarters
U. S. Army Missile Command
Redstone Arsenal, Alabama
ATTN: AMSMI-D
AMSMI-XE, Mr. Lowers
AMSMI -XS
AMSMI -Y
AMSMI-R, Mr. McDaniel
AMSMI -RAP
AMSMI -RBLD
USACDC-LnO
AMSMI-RB, Mr. Croxton
AMSMI -RBT

[

00 b= et ©5 = b b 2

National Aeronautics § Space Administration
Marshall Space Flight Center

Huntsville, Alabama

ATTN: MS-T, Mr. Wiggins S



UNCLASSIFIED

Security Classification
R

DOCUMENT CONTROL DATA-R&D

(Security classification of title, body of abstract and indexing ion must be d when the overall report is classitied)

¥. ORIG TING Corporate author .
Redstgﬁe"écféﬂt'ilf'i?é (I orr;latl%n) Center u “Pola y ’Eicf;"gv ceasmrmeaTion
Besgarch and Development Di(fectorate Unclassifie
. S. Army Missile %omman 2b. GROUP
Redstone Arsenal, Alabama 35809 N/A
3. REPORT TITLE

OPTIMUM FLIGHTS WITH PRESSURE OF LIGHT TAKEN INTO ACCOUNT
Vestnik Leningradskogo Universiteta, No. 7, 144-156 (1965)

4. DESCRIPTIVE NOTES (Type of report and inclusive dates)
Translated from the Russian

8. AUTHOR(S) (First name, middle Initial, last name)

S. -N. Kirpichnikov

6. REPORT DATE 78. TOTAL NO. OF PAGES 7b. NO. OF REFS
30 August 1967 25 3
8a. CONTRACT OR GRANT NO. 88. ORIGINATOR'S REPORT NUMBER(S)
N/A
b. PROJECT NO.
N/A RSIC-703
c. 9b. OTHER REPORT NO(S) (Any other numbers thet may be assigned
this report)
d. AD

10. DISTRIBUTION STATEMENT

Distribution of this document is unlimited.

11. SUPPLEMENTARY NOTES 12. SPONSORING MILITARY ACTIVITY

None Same as No. 1

13. ABSTRACT

Discussed is the construction of single~impulse trajectories of interorbital flights with
a minimum consumption of mass in the gravitational field of the Sun -~ a spherical central body
radiating light symmetrically. Disregarded is the perturbing action of the space vehicle caused
by objects in space located on the specified boundaries of the Kepler orbits. It is assumed that
all three orbits, the initial, intermediate, and final, are located in one plane and that the motion
along these orbits is proceeding in one direction.

DD PORM REPLACES DD FORM 1473, 1 JAN 64, WHICH I8
t nOoV o8 OBSOLETE FOR ARMY USK.

&dty %l.ulﬁcaﬂon

23




UNCLASSIFIED

§cuﬂty Classification

14.

KEY WORDS Link A LiNk e LiNk ¢
ROLE wT ROLE wT ROLE wT
Pressure of light
Heliocentric trajectories
Lagrange functions
Circular orbits
Low-eccentricity orbits
Shell-probes
UNCLASSIFIED

Security Classification




